In this report, a de-hazing algorithm based on probability and multi-scale fractional order-based fusion is proposed. 
Introduction
The end product of image de-hazing includes contrast maximization and improved visibility of details. Single image de-hazing has become an attractive option over multi image methods. This is primarily due to feasibility and convenience since single image-based methods do not require multiple instances of the same image scene [1] . There are four categories of image de-hazing namely enhancement, restoration, fusion and deep learning-based approaches [2] . These categories range from simple to complex architectures based on works from the literature [2] . The fusion and deep learning-based methods are relatively recent, while incorporating various techniques. However, most algorithms work best for either single image de-hazing or underwater image enhancement. This is notwithstanding the similarities between hazy and underwater images, which both suffer from poor visibility due to inadequate contrast.
The deep learning-based approaches are highly involved, requiring a large image database for training. Furthermore, there is need for graphic processing units (GPUs) to reduce the execution time of such methods. Other authors utilize other methods to accelerate and optimize their algorithms [3] . These all add to the problems of colour distortion, minimal contrast enhancement, poor colour rendition and minimal colour correction for several images. Furthermore, a number of restoration and fusion-based methods require the manual setting of parameters, which may not yield the best result for all images.
Background and motivation
In previous work, we developed a versatile multi-scale fractional order fusion-based de-hazing algorithm, which could effectively process both underwater and hazy images without modification. Furthermore, the algorithm was completely automated, with all vital parameters computed from the input image. Results showed promising results and fast operation and minimal runtime, which surpassed several of the existing algorithms. The algorithm utilized fractional-based filters at varying scales to process the image, while fusing results together to generate a much more detailed image. However, this proposed algorithm yielded minimal local contrast enhancement in addition to edge over-enhancement for certain images with a high amount of detail. Furthermore, the algorithm yielded dark regions for some processed images. Thus, in this work, we combined tonal correction and localized contrast operators with a revised formulation for the fractional multi-scale-based algorithm. This led to the improvement and amplification of local contrast enhancement, while brightening de-hazed images, avoiding colour distortion, sky region and edge overenhancement.
Proposed algorithm
The proposed scheme utilizes probabilistic and simultaneous estimation of illumination and reflectance components developed by Fu et al [4] . This is combined with the bilateral filter by Tomasi and Manduchi [5] for multi-scale illumination estimation rather than the Gaussian filter. This is in addition to the revised fractional multi-scale fusionbased algorithm used in improving the fine detail at each stage. This enables the localized contrast enhancement and avoidance of edge over-sharpening due to the non-linear means (bilateral) filter-based estimation. The system block diagram of the proposed scheme is shown in Fig. 1 . The full details of the proposed scheme and its variants can be found in [6] . 
Experiments and results
This section presents the results and comparisons of the proposed scheme with both hazy and underwater image enhancement algorithms from the literature using subjective evaluation, objective assessment using various metrics, image statistics and histogram information.
Underwater images
The proposed scheme was tested using numerous underwater image scenes and datasets commonly found in the literature. Furthermore, we compared results using popular and recent state-of-the-art underwater image enhancement algorithms. The result is shown in Fig. 2(a) . Fig. 2(a) consists of a figure from [7] (amended with PA-1 results), which includes the following algorithms:
Contrast Limited Adaptive Histogram Equalization (CLAHE), Retinex, White balance, combined Methods of He et al, Zhu et al and Non-local de-hazing, DehazeNet, cycle-consistent adversarial networks (CycleGAN), Li's method and the adjusted CycleGAN to compute structural similarity index metric (SSIM) loss (CycleGAN+SSIM Loss size) [7] . For all tables, bolded black indicates the best values while bolded red depicts the second best results.
In Fig. 2(b) (1) and (2), we compare the PA with image results obtained with other algorithms from the literature such as Ancuti et al [8] , Bazeille et al [9] , Carlevaris-Bianco et al [10] , Chiang et al [11] , Galdran et al [12] , Serikawa and Lu [13] , compared with PA. The images produced by Ancuti et al, Me et al and PA are the best compared with other methods. However, observation of the RGB histogram plots show that PA yields the most stretched colour histogram, indicating highest contrast enhancement. This is also observed I Table 1, which presents the mean and   standard deviation values for the hue saturation and value components of the original and processed underwater images.
(a) Overall, PA yields the highest standard deviation of saturation and value components, which indicate improved colour rendition and contrast enhancement respectively. This is also observed I Table 1 , which presents the mean and standard deviation values for the hue saturation and value components of the original and processed underwater images. The colour cast is considerably eliminated in the image obtained with PA compared with the other algorithms. This is also observed in Fig. 2(c) , which once more shows that PA surpasses several of the other algorithms by improving contrast and colour rendition, while eliminating colour cast. It yields results similar to Galdran et al but with sharper focus and the histogram would be similar to those of Fig. 2(b) (1) and (2), with highly stretched red, green and blue colour channels or highly enhanced saturation and value components.
We also utilize the mean (mu), central moment of order 2 (mu_2) [14] , standard deviation (sigma), skewness (gamma) [14] , momental skewness (alpha) [14] and kurtosis (kappa) [14] to measure the various properties of the processed images. The mean indicates the centeredness of the histogram of the processed image. The standard deviation is linked to contrast, while the skewness determines the directional bias of the image histogram and the kurtosis defines the narrowness of the peak of the histogram. Thus, a more stretched out histogram would have a kurtosis value less than 3, while an unmodified histogram with a sharp peak would have a value greater than or equal to 3. Looking at the results in Table 2 , the results of PA yield the lowest kurtosis values for the red, green and blue channels. This is expected since PA stretches out the histogram and we also expect the standard deviation to increase as the histogram is stretched, indicating more spread [15] . Also, this shows in the standard deviation values of the green and blue channels in Table 2 , whose histograms have been considerably stretched compared to the red channel, improving the contrast. These numerical results are in line with the image histogram plots in Fig. 2 (b)(3). We will also observe that the PA indicates high localized contrast for certain images, based on the histogram plots. 
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Statistical measures
Original image The remaining images in Fig. 2(c) to 2(e) compare the results of PA with the methods by Ancuti et al [8] , Bazeille et al [9] , Carlevaris-Bianco et al [10] , Chiang & Chen [11] , Galdran et al [12] and Serikawa & Lu [13] 
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Hazy images
We present results for sample hazy images processed with PA-2 in this section and compare the proposed approach to several existing algorithms from the literature. In Fig. 2 , PA-1 shows considerable colour correction and local contrast enhancement compared to most of the listed algorithms. This is in spite of its relatively lower complexity compared to the deep neural network-based approaches.
This is remarkable since several of these algorithms are highly computationally and structurally complex. With no available runtime information for these particular set of algorithms, it is not possible to compare their execution times with PA-1.
For the Tiananmen image in 
Enhanced image with fractional derivative-based RGB-IV-IRCES algorithm (q)
Enhanced image with fractional derivative-based IRCES + Bilateral Filtering algorithm In Fig. 9 , we show the colour histograms for 99 hazy images processed with FMIRCES and PA and the same trend observed in enhanced underwater images is also seen here. The histograms of images processed with PA are highly stretched compared to images processed with FMIRCES. Furthermore, values for images processed with PA are much more spread out indicating increased standard deviation, variance and contrast. Thus, the improvements of PA over FMIRCES is also observed in the histogram plot comparison. Table 3 , we compare the average runtimes of the various available de-hazing algorithms with PA. Results indicate that PA has the second fastest runtime compared to the other algorithms. It also yields better results than the fastest algorithm from previous work (which is the FMIRCES) [46] by sacrificing some speed for improved localized contrast and better colour rendition. 
Conclusion
Based on the results, we can see that the proposed algorithm improves on the initial formulation by addressing the local contrast and edge enhancement in addition to image brightening. The image histogram and statistics indicate improvements in addition to the objective metrics used to corroborate the results. The proposed approach further validates the use of tonal correction and mapping operators as viable alternatives to the image de-hazing problem.
Moreover, the proposed approaches surpass a majority of contemporary and much more complex underwater and hazy image enhancement algorithms from the literature. The proposed schemes are versatile since they process both hazy and underwater images adequately. These outcomes are verified in terms of contrast and colour enhancement/correction, with good visual and objective results and minimized runtime. 
